we find sufficient justification in its reconsideration.
STATEMENT OF THE PROBLEM
A slab of thickness B initiallv at temnerature m ~1~' ~~ k~n+~~ Given a pulse of sufficient power density and a long enough time, * the surface of the slab will reach the phase-change temperature. The material which has been transformed is removed immediate~ and the surface recedes into the solid. We are interested primarily in deterw~ning the thickness of material transformed with time.
*
We make the following definitions: c = specific heat of material at constant pressure, (cal/g°C) p = density of material, (g/cm 3 ) K = thermal conductivity of material, (cal/cm °C sec) K = thermal diffusivity of material, equal to K/cp, {cm 2 /sec)
= initial temperature distribution of material, (°C); for g(x) = 1 the temperature is initially uniform throughout the material.
transfonn.ation tem11erature of material, y(t) thickness of material transformed, (em)
Hf(t) = heat input as a function of time where H is a given constant,
(cal/cm'-sec); f(t) = 1 for a nniform heat input B = initial thickness of material, (em)
The following equations describe the process: 3) expresses the condition of no heat losses from the backface. Equation (2.5) is a statement relating the heat input to the rate of heat flow into the solid plus the rate of heat absorbed in the transformation. T is evaluated at the position of the boundary y(t).
X
Before the phase-change temperature is reached there is no boundary motion, (2.7), so that (2.5) reduces to (2.4). Equation (2.6) states that when the purface reaches the temperature TL there may or may not occur boundary motion; this will depend on whether the energy required for the phase-change is or is not absorbed at the surface.
The equations can be manipulated more readily if the following transformations are made:
rhrf -r) = -v + N ::::::W:li't. . We expand about this point in both the time and space W+l, j+l directions, 
where v is the approximation of the space derivative v at the surface X X and ~Rlf be evaluated by a three point Gregory-Newton forward difference approximation as
-(3 -2s j+l) VW+ 3 , j+-l.J /2h • Equation (3.13) can be arranged more conveniently in terms of r giving
One is confronted in (3.15) with the evaluation of sj+l from temperatures which are not known and which themselves cannot be calculated without knowing sj+l' To circumvent this problem an iterative procedure must be used.
Finally, we note that at the back surface (3.3) must be modified to take into account the boundary condition (2.10). Formally, this is 
General
The difference equations of Section 3 from which the temperatures are computed have the tridiagonal appearance (for each mesh row)
with zeros everywhere except on the main diagonal and on the two Express~d in a less cumbersome way 11 the system (4.1) becomes
where the unknown temperatures corresponding to the (j+l)st step are given by with i being greater than :Jr equal to w+2 in the remaining equations.
Detailed Procedure
Part I -Before Trarjsforma.tion Using Equations (3. 1~) , (3.6) and (3.16) computation continues until
To establish an accurate time for the beginning of the phase-change and as a baseline for Part II, the {j 1 +l)st = Jth row is re-determined using a smaller time step k' given by
The time of the start of transformation is simply
Part II -Boundary Begins to Move As first step in Part II the boundary must be located. Since the temperatures at time J + l are yet to be determined, (3.15) cannot be used directly. We, therefore, approximate 6y by This subject is currently under extensive study, and most discussions found in the literature are of a qualitative nature. 9 Two main sources of error generally encountered are present here and are (a) the truncation error arising from the approximation of the analytical equations by finite differences, and (b) the round-off error due to use of only a finite number of decimal places in the arithmetic operations and due to the fact that the iterative solution is only continued until there is no change out to a certain decimal place. These errors are oppositely influenced by the interval size h. Decreasing h decreases the truncation error but in general increases the round-off error.
An example will best serve to check the accuracy of the present solution. For a semi-inf'inite slab and a constanc heat input the time required for the surface to reach the phase-change temperature can be compared Table I using physical data for aluminum undergoing a phase-change at the melting temperature. It is readily seen that with decreasing h at constant r the approximate tiwe that the surface reaches the n~ltinG temperature more nearly approaches that of the exact solution. The error in the approximate solution is reduced by the square of the factor by which h is decreased. Thus if h is diminished by a factor of 8, e.g., in going from h = .01 to h = .00125, the error will decline by a factor of 64. where in addition to the quantities already defined t is the duration of the pulse and tL is the time required to reach the transformation temperature.
Equation ( : : : 1 I In Table II and Figure 2 , data are shown comparing the depth of hole predicted to that actually observed in Al of semi-infinite thickness.
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Case 1 in Table II is Table II. In cases 1 and 2 the transformation is assumed to occur at the temperature of vaporization, the possibility of melting being totally ignored. Ignoring melting when vaporization is involved is not a serious error since the heat of vaporization and melting are so vastly different, the former being more than twenty-seven fold greater than the latter in Al.
The discrepancy, assuming full absorption of the energy of the beam by the target, is quite large. A second calculation has been done for each case at about half of this energy on the basis that much of the incident pulse is reflected. Specimens of Al treated with #300 
CONCLUSIONS
An implicit numerical scheme has been used successfully to solve the heat conduction problem for an ablating solid. The method introduces simplicity and accuracy in the calculations and allows for economic use of computer time. Further, the solution is valid for a variable input energy and sample thickness, features which make it especially suitable in applications related to the laser damage of materials.
In the example given for laser-induced damage to Aluminum we have purposely avoided manipulating our input energies etc., so as to obtain a better agreement with experimental observations. Published data of laser damage to targets is scarce and incomplete. Information concerning surface preparation, the spread in the measured input energies and depths, and the shape of the holes produced has never been set dowil for the same samples. In certain cases one cannot be certain whether a semi-infinite slab was used as reported or if the conditions for onedimensional heat flow were t~~y satisfied. From the limited experimental observations considered, it is difficult to determine how widely the proposed model can be applied to predicting laser damage to targets. 
